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tissue elasticity, and a system for accurately and efficiently
predicting it, is therefore needed.
Imaging limitations and modality-specific differences
also make tissue elasticity reconstruction a challenge. Since
ultrasound-based tissue elastography for biomechanical
strain imaging was first developed,22 researchers have extended this technique to other imaging modalities, in hopes
of generating more accurate strain maps for their specific problems. In intravascular ultrasound (IVUS) considerable effort has been invested in coronary arterial
elastography9,11,26 and today, IVUS elastography is the
only method clinically demonstrated for strain characterization in coronary lesions. IVUS elastography is, however,
limited to a spatial resolution of 200 µm for radial strain
(oriented along each A-line). This limitation strongly impacts the characterization of potentially vulnerable lesions
with fibrous caps smaller than 200 µm. Intravascular optical
coherence tomography (OCT), an optical analog to IVUS,
overcomes this limitation and offers significantly higher
soft tissue contrast, overcoming the other major IVUS limitation: low contrast between different tissues.18 Higher
spatial resolution offers greater sensitivity to smaller tissue
displacements, contributing to (i) the ability to resolve material properties of small-scale biological structures, such as
the thin plaque cap, and (ii) the ability to obtain more data
points for each unknown tissue sample to be characterized.
Enhanced soft tissue contrast is beneficial in accurately
visualizing internal plaque morphology and in potentially
obtaining better prior information about tissue type. The
sacrifice associated with these OCT imaging improvements
is a reduced imaging depth. Imaging penetration within the
vessel wall is limited to 1.5 mm and confines tissue characterization to the region of plaque most likely to rupture
and thrombosis. We have previously described the impact
of penetration depth on biomechanical characterization.4
In this paper, we build on our recent advances in optical
coherence elastography (OCE)3 by combining robust estimates of tissue velocity fields with vascular elastic modulus

Abstract—High-resolution imaging provides a significant means
for accurate material modulus estimation and mechanical characterization. Within the realm of in vivo soft tissue characterization, particularly on small biological length scales such as arterial
atherosclerotic plaques, optical coherence tomography (OCT) offers a desirable imaging modality with higher spatial resolution
and contrast of tissue as compared with intravascular ultrasound
(IVUS). Based on recent advances in OCT imaging and elastography, we present a fully integrated system for tissue elasticity
reconstruction, and assess the benefits of OCT on the distribution
results of four representative tissue block models. We demonstrate
accuracy, with displacement residuals on the order of 10−6 mm
(more than 3 orders of magnitude less than average calculated
displacements), and high-resolution estimates, with the ability to
resolve inclusions of 0.15 mm diameter.
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INTRODUCTION
Elasticity estimation is best summarized as the effort
to replace qualitative measures of elasticity with quantitative diagnostic tools. For many specimens, this is challenging because of their inhomogeneous field data and unique
boundary conditions. The properties of biomaterials, for
instance, often rely on complete measurements of important field information (i.e., displacement, stress, or strain).
Researchers have modeled a variety of biological tissues
in attempts to describe their mechanical behavior,7,20,21
yet knowledge of soft tissue material properties remains
limited.23 This is partly due to the substantial sensitivity of
elasticity values to particular specimens and testing setups
and to the enormous elastic variability and heterogeneity
of soft tissues—the elastic modulus of soft tissues spans
4 orders of magnitude.12 A better understanding of soft
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FIGURE 1. OCT image simulation of an inclusion within a tissue block (left) and its corresponding full FE model, consisting of 3163
elements (right). The technique for developing OCT image simulations based on tissue models has been previously described.2 A
displacement load was imposed on the tissue block model and image simulation.

estimation. We present a linear perturbation Gauss–Newton
method for high-resolution modulus estimation and demonstrate results from simulated tissue compression imaging
with time-domain OCE. High-resolution quantification of
vulnerable atherosclerotic plaque material properties would
allow the study of (i) the spatial distribution and magnitude
of stress concentrations, which have been shown to correspond with regions where plaque rupture tends to occur,24
and (ii) the relationship between mechanical stresses on
vascular cells and features of vascular remodeling associated with atherogenesis.
METHODS
OCT Imaging and Elastography
Our methods for time-domain OCT imaging2,17,28 and
robust estimation of tissue velocity and strain fields have
been described previously.3 Robust velocity estimation is
accomplished by minimizing a variational energy functional that contains side constraint terms, reflecting our prior
knowledge about tissue biomechanical behavior:
v̂(x, y) = arg min{G(v(x, y))} = arg min{aG D (v(x, y))
v

v

+ cG S (v(x, y)) + cG I (v(x, y))}

(1)

In this expression the estimated velocity field v̂(x, y), which
is essentially analogous to a displacement field, minimizes
the weighted combination of three energy functions. The
first, GD , controls data fidelity, whereby minimizing this
term corresponds to simple cross-correlation coefficient
maximization. The second term, GS , imposes strain field
smoothness, while the final term, GI , exploits prior knowledge that biological tissues are typically assumed incompressible in the range of time scales relevant to elastography.
These terms together penalize velocity field estimates that
stray from these biomechanical conditions.

With previously described techniques,3 OCT images of
tissue blocks containing circular inclusions under uniaxial
compression were simulated (Fig. 1). In short, we generated
interference images by applying an exponential decay term
to the convolution between the coherent OCT point spread
function and the backscattering field. The distribution of
backscattering arises from the point scattering inherent to
a specimen’s morphological structure. In order to replicate OCT backscattering fields commonly seen for arterial tissue and inclusions (i.e., higher mean backscattering
in tissue relative to inclusion), we assigned backscattering
values at discrete points by selecting independent uniform
random variables with an empirically chosen variance of
10 for scatterers within the tissue block and of 2 for scatterers within the inclusion. Finally, the individual tissue
scatterers were displaced using displacement fields from
finite element modeling (FEM) of the tissue block, where a
0.15 mm displacement load was applied to the top surface
over five timesteps.
Axial (z-direction) velocity results using the abovedescribed variational energy technique were generated for
a series of simulated tissue blocks, where the size of
the inclusion and the elasticity modulus ratio (defined as
E inclusion /E background ) were varied (Fig. 2). Specifically, we
varied the inclusion diameter within the morphologically
accurate range of lipid pool and calcified nodule sizes
and the modulus ratio between two values, 5 for calcification and 0.5 for lipid pool. This resulted in four models:
(a) 0.5 mm diameter calcified nodule, (b) 0.5 mm diameter lipid pool, (c) 0.75 mm diameter calcified nodule, and
(d) 0.15 mm diameter calcified nodule.
Gauss–Newton Method for Elasticity Estimation
Progress has been made to more accurately depict
biological tissue in the form of constitutive models.
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FIGURE 2. Axial (z-direction) velocity distributions for four tissue block inclusion diameter/Eratio combinations: (A) 0.5 mm/5, (B)
0.5 mm/0.5, (C) 0.75 mm/5, (D) 0.15 mm/5. Results, which correspond to displacements in mm, were generated via a multi-resolution,
variational energy minimization technique designed for OCE.

Hyperelastic models, where strain energy functions are
used to capture the nonlinear nature of the stress–strain
curve at high strains, are the most commonly used. Fung
et al.13 proposed an exponential type and it has since been
applied to a wide array of tissue and modified to more
truthfully mimic experimental data, for instance, in work
by Holzapfel et al.15,16 to describe the “biphasic” circumferential stress–strain relationship of arteries and to develop
the full constitutive relations for the mechanical response
of elastic arteries. Within the realm of elasticity estimation,
however, researchers depend on the simpler, more direct
linear elastic, isotropic model for two main reasons. First,
elasticity estimation is a discrete, numerical effort, where
elasticity values are assigned to individual elements based
on displacement maps generated via image processing. As
is evidenced by the description of the algorithm design (see
below), fitting more than a single parameter to each element
is not merely computationally rigorous but can be unattainable depending on the number of measured displacement

data. Second, unlike a more traditional nonlinear constitutive model, elasticity estimation provides a comprehensive
map of material properties, albeit Young’s modulus values.
Researchers continue therefore to rely on the linear elastic,
isotropic model for elasticity estimation,1,25 so long as the
limits of the results of such estimation are understood as
a way to probe the elasticity of specimens under small,
quasi-static deformations.
Consider a body being displaced and that each point on
the boundary of the solid is specified either by a stress
or displacement. Let v(x, y, z) denote its displacement
field as a function of spatial coordinates x, y, z. The ensuing constitutive stress–strain relationship, assuming an
incompressible, linear elastic solid is
σi j = − pδi j + 2µεi j ,

(2)

where σ i j is a component of the stress tensor, µ is the material shear modulus, p is the pressure or hydrostatic stress,
and δ i j is the Kronecker delta. We write this relationship
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in terms of an unknown shear modulus for convenience,
where later it can simply be related to the Young’s modulus
and Poisson’s ratio. Balancing linear momentum over each
part of the material gives the equilibrium equations,
∂σi j
+ f j = 0,
∂x j

(3)

where f j , the body force per unit volume, is typically negligible. Because images are traditionally obtained in twodimensional cross-sections, we simplify the system by invoking the plane strain approximation. The result, after
combining Eqs. (2) and (3) under the plane strain approximation, is the “plane strain inversion equation”27 for the
single unknown shear modulus, µ:
∂ 2 (εx y µ) ∂ 2 (εx y µ)
∂ 2 (εx x µ)
−
+
2
= 0.
∂ y2
∂x2
∂ x∂ y

v c : R p → R q , q ≥ p, solve


1
minp (E) = v c (E) − v m 2 ,
E∈R
2

∇(E) = J (v c (E))T (v c (E) − v m ) = JvT (v c (E) − v m ) ,
(6)

(4)
where Jv is the Jacobian of v c (E) with respect to E, and

The derivation of the “plane strain inversion equation” was
presented to give the reader a formulaic understanding of
the problem, however, generally direct inversion for the
shear modulus is avoided for various reasons. First, solutions are difficult to stabilize. Second, as shown in Eq. (4),
direct inversion requires explicit knowledge of the strain
field, which consequently demands differentiating an already noisy measured displacement field. Third, Eq. (4)
insists on µ being twice differentiable, thus placing continuity restrictions on the modulus distribution and not allowing
jump changes in its value. Instead, the preferred strategy for
material property estimation is iterative inversion, where a
nonlinear least squares (NLS) problem is formulated by attempting to minimize the difference between computed and
measured mechanical responses (i.e., displacement fields).
The resulting system, known as the Inverse Problem (IP)
in elastography, is written as
Given

In practice, we solve the inverse problem via a gradientbased numerical algorithm, where the residual (given in
Eq. (5)) acts as the driving force. Kallel and Bertrand19
proposed a linear perturbation Gauss–Newton method. By
perturbing the elasticity distribution a “sufficiently” small
amount, a gradient (or Jacobian) matrix can be constructed
with the subsequent, observed perturbations in displacement and then used to direct the search toward the station∗
ary point E . However, before arriving at a Newton update
equation for the modulus distribution, we write expressions
for the gradient and Hessian of (E), the natural tools for
locating the zero gradient minima criteria:

(5)

where E is the Young’s modulus distribution, typically
a one-dimensional vector ( p = 1) if concerned with an
isotropic distribution, v c (E) is the vector of computed displacements based on a given E, and v m is the vector of
measured displacements, after scaling the OCE estimated
velocity results by the pixel sizes. We write the IP in terms of
the unknown distribution E because we are most interested
in inferring a direct elasticity measure, however, it can be
written with equal correctness in terms of the shear modulus, as in the “plane strain inversion equation” derivation.
It should also be noted that displacement fields lie in one-,
two-, or three-dimensional space depending on the number of displacement components provided by elastography
experiments. In most cases, including our two-dimensional
experiments, we have axial (z) and lateral (y) displacements
to compare.

∇ 2  (E) = JvT Jv +

∂ Jvi
(E) [I ⊗ (v c (E) − v m )] , (7)
∂Ej

where I is the identity matrix and ⊗ is the Kronecker
delta. In accordance with common practice, we neglect
the second-order term in Eq. (7) based on the observation
that it is typically small relative to the first-order term and
is computationally expensive to calculate,29 yielding the
relationship
∇ 2  (E) ≈ JvT Jv .

(8)

This Hessian simplification is a distinguishing characteristic of the Gauss–Newton method from other Newton’s
methods, and we elaborate on the ensuing limitations in
the following section; however, suffice it to say the reduction yields a symmetric and positive-definite Hessian,
so long as Jv is not singular, and thus a more solvable
system.
Based on the above-mentioned strategy and assumptions, the final Newton update equation for the root direction
of elastic modulus becomes
−1

∇ (E)
E = − ∇ 2  (E)

−1  T

(9)
Jv (v c (E) − v m ) k
= − JvT Jv
As already noted, we approximate the Jacobian with the
displacement information gathered by discretely perturbing
the elasticity distribution because an explicit expression for
v c (E) is not easily known. Mathematically, this is a linear
perturbation written in finite difference scheme: suppose
we have a function F(x) = ( f 1 , . . . , f n )T , then,
J (x)i j =

f i (x j + ε|x j |e j ) − f i (x j )
∂ fi
(x) ≈
∂x j
ε|x j |

(10)

for “sufficiently” small perturbation ε, where e j is the unit
basis vector in the jth direction.
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FIGURE 3. Flowchart of a Gauss–Newton method-based reconstruction algorithm. With an initial guess of the elasticity distribution,
the algorithm estimates the gradients necessary to direct it to a solution by perturbing elasticity distributions.

Regularization Scheme
Inverse problems, especially when in the presence of
noisy data, often yield ill-posed systems, thus requiring
regularization schemes to stabilize and identify unique solutions. As a result, we equipped Eq. (5) with a Tikhonov
regularization term, so that the objective of the Gauss–
Newton method is not only to minimize the original data
fidelity term but a linear combination of it and a modulus distribution smoothing term. The discrete system of
equations making up the IP now become
Given v c : R p → R q , q ≥ p, solve


2 λ  2
1




v c (E) − v m 2 +
L E 2 , (11)
min (E) =
E∈R p
2
2
where λ is a weighting factor and L E22 is the regularization term and a function of the regularized solution, E. This
latter term is sometimes referred to as the discrete smoothing norm because the matrix L usually acts as a smoothing
operator on the solution field.14 Choice of L depends on
the desired smoothing effect and includes, but is not exclusive to, identity matrices, weighted diagonal matrices,
and discrete approximations for derivative and Laplacian
operators.
Without going into extraneous detail, it should be noted
that inclusion of a Tikhonov regularization term serves to
augment the diagonal terms of the Hessian matrix (JvT Jv )
via addition by the positive-definite, symmetric matrix LT L.
Recall that an ill-conditioned Hessian, one that is riddled
with clusters of small singular values making its columns
numerically linearly dependent, is the root of an ill-posed
problem because, as Eq. (9) illustrates, it is the term being
inverted. Hence, we can infer that boosting the diagonal of
the Hessian also boosts its small singular values, thus producing a more well-posed system. This is especially important for IPs of this genre where the Hessian is abridged. Additionally, that second-order term shown in Eq. (7), which is
neglected, becomes increasingly important as one deviates
farther from the solution, and this is a primary reason why

many are so concerned with keeping initial guesses as close
as possible to the actual solution.
Algorithm Design
A commercially available finite element software package ADINA (Watertown, MA) was employed to solve for
the model displacements based on prescribed initial displacements, boundary conditions, model geometry, and
material properties. In addition, an all-inclusive software
program, tailored to automatically interface with ADINA,
linearly interpolate and mesh OCT data with FEM data, and
perform the iterative modulus estimation was developed. A
detailed view of the modulus estimation (Gauss–Newton)
algorithm is depicted in flowchart form (Fig. 3).
Model Description
Based on the four OCT models of varied inclusion
diameter/Eratio combination and their corresponding OCE
velocity results, elasticity reconstruction distributions were
generated. First, full FE models of the soft tissue rectangular blocks were generated (as shown in Fig. 1). All models
satisfy the equilibrium equations for incompressible, linear
elastic solids undergoing small, quasi-static deformations
and the plane strain assumption. The models were meshed
with nine-node quadrilateral elements and, for each discrete element, a Young’s modulus (E) and Poisson’s ratio
(ν = 0.499) were assigned. Next, in order to alleviate the
computational intensity of the problem, we reduced the
number of unknown elasticity values by coarsening
the meshes of the full FE models, taking care of course
not to jeopardize the high resolution capability of OCT.
Specifically, the full finite element model (shown in Fig. 1)
is composed of 12,855 global nodes and 3163 elements,
far too many for making estimation a reasonable endeavor
and unnecessary for making biomechanical conclusions.
Additionally, OCE velocity results were generated for only
a central subsection of the full FE model, i.e., the region of
interest. This explains why the axes of the velocity distribution results (Fig. 2) do not begin at 0 and do not span the
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FIGURE 4. The L-curve result for E ratio = 5 and 0.5 mm inclusion when log (data fidelity term) is plotted against log (regularization term). The plot indicates that data fidelity and regularization are optimally balanced when λ lies between 4 × 10−6
and 7 × 10−6 (arrow).

length of the full model. As a result of these two details,
we were left with a smaller and more manageable subset
of unknowns, from the full 3163 elements to 200 elasticity unknowns for the 0.5 mm inclusion, 262 unknowns for
the 0.75 mm inclusion, and 203 unknowns for the 0.15 mm
inclusion.
Based on these working finite element models, nodal
displacement values were calculated and subsequently interpolated onto the OCT image grid in order to compare
with the measured OCE velocity data. Then, in order to
compute (E), the OCE velocities, which were obtained in
pixel sizes, were corrected via OCT resolution to give the
realistic displacement measurements of the specimen under
investigation. Axial (z-direction) and lateral (y-direction)
pixel sizes for our OCT images were 1 µm and 25 µm,
respectively.
In summary, while the unknown elasticity values remained in the finite element model grid, the displacements
were mapped onto the OCT image grid. This is not surprising because while the FE models govern the number of
unknowns in the problem, the solution is always limited by
the number of measured data points, in this case, the OCE
velocity results.
RESULTS

first-order derivative operators, applied to the elements of
each region (background and inclusion) distinctly. The high
soft tissue contrast, evident from the OCT images (Fig. 1),
indicated a change in the tissue type between background
and inclusion. This allowed us to qualitatively decouple
the material regions and implicitly build material boundaries within the regularization matrix. With other imaging
modalities that lack a priori tissue material discernment,
this would be relatively difficult. Instead, smoothing operators would be applied over either the entire model or
speculated regions of different tissue, thus most likely requiring more iterations or several attempts at the elasticity
distribution before converging on an accurate solution.
According to the L-curve selection criterion, λ is the
value that maximizes the curvature of this typically Lshaped curve. We found the ideal range of λ for a model
with E ratio = 5 and a 0.5 mm inclusion between 4 × 10−6
and 7 × 10−6 based on this empirical method (Fig. 4). Values of this magnitude confirm the presence of noise in the
velocity data, as predicted; noise-free, or essentially noisefree, data would yield much smaller values of λ in order to
grant more fidelity to the data.
Modulus Distribution Results
OCE results for four different tissue models were obtained (Table 1), and their corresponding modulus distributions were estimated via our Gauss–Newton methodbased software. Elasticity estimates were accurate and
smooth (Fig. 5). Furthermore, the corresponding displacement errors (between target and calculated displacement
fields) confirmed convergence, as their values were more
than 3 orders of magnitude less than the smallest model
displacements.
Elasticity maps from previous estimation work10,19
showed somewhat limited ability to resolve tissue inclusions on the order of 1–2 cm in size based on radio frequency (RF) ultrasonic echo elastography images. Here,
with OCT elastograms, we demonstrate successful estimation on a myriad of examples, notably of inclusion
diameters ranging from 0.75 mm to as small as 0.15 mm.
TABLE 1. Summary of the four elasticity models, corresponding estimate errors, and required iteration numbers. The
estimate errors are root mean squared displacement errors
normalized by the number of displacement data
 points in the
N
1 
|vc − vm |2i .
OCT image grid, calculated as RMS error = N
i

Empirical L-curve
Our first task was to optimize the regularization weighting factor in order to properly balance data fidelity and
smoothing effects. We chose to solve this nontrivial problem empirically by constructing an L-curve, a log–log plot
of the data fidelity term versus the smoothing term. For
the regularization matrix L, we constructed piece-wise,

Model
A
B
C
D

Inclusion
diameter
(mm)
0.5
0.5
0.75
0.15

Eratio
5.0
0.5
5.0
5.0

RMS
error
(mm)
2.16 × 10−6

2.24 × 10−6
1.89 × 10−6
2.30 × 10−6

Iterations
10
15
10
19
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FIGURE 5. Elastic modulus distribution results for the following tissue block inclusion diameter/Eratio combinations: (A) 0.5 mm/5,
(B) 0.5 mm/0.5, (C) 0.75 mm/5, (D) 0.15 mm/5. Estimates were generated by applying the Gauss–Newton method software to corresponding OCE velocity estimates. The modulus results in all four cases corresponded to minimal errors in target vs. converged
displacement fields. Converged results for all three models that reflect tissue blocks incorporating different sized calcified nodules
(Models (A), (C), (D)) confirmed inclusion modulus values of approximately 500 Pa, while the results for Model (B), the sole simulation
involving lipid pool, confirmed a lower modulus value than background (∼50 Pa).

Finally, an initialization experiment was done where the
initial elasticity “guesses” were varied up to 100% of the approximate target values. The resulting convergence curves
showed parallel and typical trends in the reduction of the
displacement residual, indicating that accurate convergent
estimates were not very dependent on the initial guess, yet,
as expected, speed of convergence could be accelerated
with a close initial value (Fig. 6).
CONCLUSIONS
The elasticity maps generated via OCT elastograms
show promise for material property estimation of soft tissue and, in particular, of small length scale biological
structures such as atherosclerotic plaques. This example
is of great interest because of the strong dependence of

critical cardiovascular events on the biomechanical state of
plaques. Plaque rupture was postulated and later confirmed
to be a nearly essential precursor to cardiac events, such
as infarction.6,8 Furthermore, high circumferential stress
concentrations within plaques were found to correspond to
fissure prone regions.5,24 Therefore, the ability to quantify
vulnerable plaque materials, such as those of thin fibrous
caps partitioning large, compliant lipid pools from vessel
lumens, would be medically beneficial.
OCT is an invasive imaging technique with high spatial
resolution and thus the ability to visualize structures on the
size scale of thin fibrous caps. As a result, it is well suited as
a scaffold for in vivo tissue elasticity estimation. In previous
work,10,19 elasticity estimates based on traditional imaging
modalities have been limited by spatial resolution. In this
work, we have developed a fully integrated system based on
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than 3 orders of magnitude less than average calculated
displacements, and the ability to resolve the elasticity of
very fine structures.
Future work includes quantifying the effects of imagebased boundary condition and other parameter uncertainties on the elasticity results. Additionally, in the course of
developing an OCT-based system for in vivo soft tissue
characterization, we are currently obtaining velocity and
elasticity estimates of ex vivo tissue specimens, in particular
of aortic tissue.
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