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Abstract
This paper presents a shell ﬁnite element formulation appropriate for simulating the heart valve leaﬂet mechanics, including threedimensional (3D) stress and strain effects. A 4-node mixed-interpolation shell is formulated in convected coordinates. This shell
model is made capable of handling arbitrary 3D material models by use of an algorithm that satisﬁes the shell stress assumption at
every element integration point. A method for tracking the ﬁber direction is incorporated. The resulting shell element operates under
the same conditions as a standard 4-node shell element with 5 degrees of freedom per node, but extends the modeling capabilities to
handle large-deformation and anisotropic behavior.
r 2006 Elsevier Ltd. All rights reserved.
Keywords: Mitral valve; Shell element; Incompressible; Transversely isotropic; Large strain

1. Introduction
A number of ﬁnite element simulations of dynamic
heart valve behavior have been published (see review in
Weinberg and Kaazempur-Mofrad, 2005a). Material
and element formulations used in these simulations
include a membrane element with structural material
(Einstein et al., 2004), nonlinear elastic shell (Votta et
al., 2002), linear elastic solid (Hart et al., 2003), and
linear elastic shell (Kunzelman et al., 1993). The authors
are not aware of any work that includes the 3D stress
state and accounts for large-deformation behavior,
particularly through-thickness strain. The aim of this
paper is to formulate an element that accurately
describes the large-deformation 3D stress–strain behavior of mitral valve leaﬂet tissue and readily ﬁts within
the setting of existing ﬁnite element software.
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The material comprising the mitral valve leaﬂets is
considered to be hyperelastic, incompressible, and
transversely isotropic (May-Newman and Yin, 1998).
One way to implement this description of such a
material in the ﬁnite-element setting is to use 3D
elements with a mixed pressure-displacement formulation (Weinberg and Kaazempur-Mofrad, 2005b). However, accurate results of the bending behavior require a
high-order element and ﬁne meshing that exert formidable computational expense. To handle this simulation
more efﬁciently, we propose here a shell element
formulation that includes the 3D constitutive material
model.
In large-deformation shell calculations, the throughthickness strain contributes signiﬁcantly to the stress
response and stiffness tensor. This strain cannot be
calculated using the standard interpolations used for
other strains, but a variety of ways to calculate the
through-thickness strain have been described. 3D shell
elements are attractive, in that they generally do not
require manipulation of the material model to ﬁt shell
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stress assumptions (Chapelle et al., 2004; Sze et al.,
2004). Methods to incorporate a 3D material model into
a conventional shell by use of an extensible normal
vector have received much attention (Betsch et al., 1996;
Simo et al., 1990; Basar et al., 2003). A simpler method
to achieve the same has been proposed by Klinkel and
Govindjee (2002). Both conventional shell methods are
expected to be cheaper than the 3D shell in our case. The
3D shell model will require signiﬁcantly more nodes
than a conventional shell, particularly requiring multiple
nodes through the thickness to represent bending
behavior. Additionally, for an incompressible material
like that of mitral leaﬂet tissue, the 3D shell model may
require the added complexity of a mixed pressuredisplacement formulation (Sussman and Bathe, 1987)
that the conventional shell will not. We have chosen to
use the latter shell method on the basis that it is more
computationally efﬁcient than methods involving the
extensible normal (Klinkel and Govindjee, 2002) and
that, unlike methods with an extensible normal, it does
not require additional degrees of freedom (DOF)
compared to the standard 4-node shell element with 5DOF per node commonly found in ﬁnite element
software.
A 4-node quadrilateral with mixed interpolation of
the transverse strains is currently accepted as the most
cost-effective shell (Bathe, 1996). This shell is implemented (Dvorkin, 1984) and the local plane stress
algorithm of Klinkel and Govindjee (2002) is used to
incorporate the 3D material models. We deﬁne a ﬁberaligned coordinate system, which allows simple interfacing between anisotropic material calculations and plane
stress algorithm. As a demonstration, an existing
constitutive material equation leaﬂet tissue (May-Newman and Yin, 1998) is applied and numerical results are
shown to match in-plane analytical results. A test case is
shown demonstrating function of the element and
inﬂuence of ﬁber direction.

denoted as
qx
,
(1)
qX
where X is the original (undeformed) conﬁguration and
x is the deformed conﬁguration.
The shell calculations are performed in the Green–
Lagrange strain tensor,

F¼

e ¼ 12ðF T  F  IÞ,
where I is the identity tensor.
The right Cauchy–Green deformation tensor is
C ¼ F T  F ¼ 2e þ I,

In this section, we ﬁrst outline the equations used in
the standard 4-node shell element with 5-DOF per node,
known as MITC4 element. Following that, we describe
methods for incorporating the ﬁber-aligned coordinate
system and through-thickness strain calculation into this
shell element.

2.1. Continuum mechanics and shell definitions
The underlying equations for the MITC4 shell
element are standard large-deformation solid mechanics
and shell equations. The deformation gradient is

(3)

the strain invariants in terms of C are
I 1 ¼ tr C,
I 2 ¼ 12ððtr CÞ2  tr C 2 Þ,
I 3 ¼ det C,

ð4Þ
pﬃﬃﬃﬃﬃ
and the Jacobian is J ¼ I 3 . Transverse isotropy is
incorporated into the model by introducing a vector that
deﬁnes the preferred ﬁber direction of the material. Denoting the vector as N, the stretch in the ﬁber direction is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a ¼ N  C  N,
(5)
and two pseudo-invariants can be deﬁned in terms of the
right Cauchy–Green strain (Spencer, 1972):
I 4 ¼ N  C  N ¼ a2 ,
I 5 ¼ N  C 2  N.

ð6Þ

The stress state is calculated from the deformation
state based on a strain energy function, W,
qW
qW
¼2
,
(7)
qe
qC
where S is the 2nd Piola–Kirchoff stress tensor. The
material constitutive tensor is
S¼

C¼
2. Methods

(2)

q2 W
q2 W
¼
4
.
qe2
qC 2

(8)

The three invariants described in Eq. (4) are recognized
to describe isotropic hyperelasticity. Spencer (1972) has
shown that the full set of ﬁve invariants, deﬁned in Eqs. (4)
and (6) can be used to describe the strain-energy function
of transversely isotropic hyperelasticity.
The 4-node shell element with 5-DOF per node,
known as the MITC4, is described in convected
coordinates and uses mixes interpolation of the transverse strains to avoid locking (Dvorkin, 1984; Dvorkin
and Bathe, 1984). Here we outline the basis of this
formulation. In the global Cartesian coordinate system
(e1, e2, e3), the coordinates (x1, x2, x3) of a particle
having natural shell coordinate (r1, r2, r3) is
r3
t
xi ¼ hk t xki þ t ak hk t V kni ,
(9)
2
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where xk is the global position of node k, Vn is the
director vector at node k, hk(r1, r2) is the interpolation
function corresponding to node k, tak is the thickness at
node k measured in the direction of Vn. We allow the
thickness tak to vary in time (Dvorkin et al., 1995) both
due to changes in the physical shell thickness and due to
the rotation of Vn. Throughout, the left superscript t
refers to the time and the right subscript i refers to the
component in the xi direction. Local orthogonal vectors
are deﬁned:
e2  0 V kn
,
je2  0 V kn j

0

V k1 ¼

0

V k2 ¼ 0 V kn  0 V k1 ,

ð10Þ

and the rotation of these vectors in time is achieved by
rotation matrix (Argyris, 1982).
The displacement tui and incremental displacement ui
are
r3
t
ui ¼ hk t uki þ t ak hk ðt V kni  0 V kni Þ,
2
r3 t
k
ui ¼ hk ui þ ak hk ðt V k2i ak þ t V k1i bÞ,
ð11Þ
2
where a and b are the rotational DOF. Covariant base
vectors are given by
t

gi ¼

qt x
qri

e~ ij ¼ 12ðt gi  t gj  0 gi  0 gj Þ,

(13)

where the tilde overbar denotes values measured in the
covariant system.
The Green–Lagrange strains are transformed from
the covariant system to the Cartesian local,
e^ij ¼ ð0 gi  t e^ m Þð0 gj  t e^ n Þt e~mn .

(14)

The constitutive material tensor in the local Cartesian
^ which contains the shell
coordinate system is denoted C,
assumption of zero stress in the through-thickness
direction. This tensor may be calculated as in Eq. (8)
using the Green–Lagrange strain in Cartesian coordinates (Eq. 14). The constitutive tensor is made to relate
the incremental covariant strains to the incremental
contravariant stresses by the transformation:
~ ijkl ¼ ðt gi  e^ m Þðt gj  e^ n Þðt gk  e^ o Þðt gl  e^ p ÞC
^ mnop .
C

(15)

The stresses are calculated in the local Cartesian
coordinates as in Eq. (7), then transformed to the
covariant coordinates,
ij
S~ ¼ ðt e^ m  t gi Þðt e^ n  t gj ÞS^ mn .

strains which are found using separate interpolations to
avoid locking:


1
e~13 ðr1 ; r2 ; r3 Þ ¼ ð1 þ r2 Þ~e13 
2
A


1
þ e~ 13 ðr1 ; r2 ; r3 Þ ¼ ð1  r2 Þ~e13  ,
2
C


1
e~23 ðr1 ; r2 ; r3 Þ ¼ ð1 þ r1 Þ~e23 
2
D


1
þ e~ 13 ðr1 ; r2 ; r3 Þ ¼ ð1 þ r1 Þ~e23  ,
ð17Þ
2
B
where A is the location (r1 ¼ 0, r2 ¼ 1, r3 ¼ 0), B is
(r1 ¼ 1, r2 ¼ 0, r3 ¼ 0), C is (r1 ¼ 0, r2 ¼ 1, r3 ¼ 0),
and D is (r1 ¼ 1, r2 ¼ 0, r3 ¼ 0).
In a total Lagrangian formulation with convected
coordinates, the linearized equation of motion is
Z
Z
ijkl
t ~ ij
0
~
~ 0ij dV
0 C 0 e~kl d0 e~ij dV þ
0 S d0 Z
0V
0V
Z
0
t ~ ij
ð18Þ
¼ tþDt < 
0 S d0 e~ij dV ,
0V

where e~ij and Z~ ij are the linear and nonlinear parts of the
Green–Lagrange strain components e~ij (Dvorkin and
Bathe, 1984). All terms are calculated using the above
deﬁnitions .

(12)

and the contravariant base vectors tgi are calculated to
satisfy tgi t gi ¼ dij . The Green–Lagrange strains are
calculated in the covariant system,
t

3

(16)

All strain components are computed in the standard
manner (Bathe, 1996), except for the transverse shear

2.2. Fiber-aligned coordinate system
We introduce a particular Cartesian system for the
current application. In heart valve leaﬂet tissue, the ﬁber
direction lies in the element midplane (May-Newman
and Yin, 1998). First the initial ﬁber direction 0N is
deﬁned in global coordinates and transformed in time,
to give tN, by standard vector transform (Bathe, 1996).
In heart valve leaﬂet tissue, the ﬁber direction lies in the
plane of the leaﬂet (May-Newman and Yin, 1998),
therefore we assume that the ﬁber direction lies parallel
to the element mid-plane. We deﬁne a local ﬁber-aligned
Cartesian coordinate system e^ by
t

t

e^ 1 ¼

t
N t
g1  t g2 t
^
;
; e^ 2 ¼ t e^ 3  t e^ 1 ,
¼
e
3
jt Nj
jt g1  t g2 j

(19)

where the hat overbar denotes quantities measured in
this system. The ﬁrst direction of this system is parallel
to the ﬁber direction, and the third direction is parallel
to the through-thickness direction. This coordinate
system is very convenient to use in the current
application, as it is the only Cartesian system needed
for both the material-based calculations and the
following shell stress calculations. The material stress
and tangent tensor calculations (Eqs. (7) and (8)) are
performed in the e^ coordinate system with the ﬁber
^ ¼ ½1 0 0 at all times, and the planedirection simplyN
stress algorithm described below is performed with the
through-thickness direction simply parallel to t e^ 3 .
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2.3. Local plane– stress algorithm for calculation of
thickness, stresses and constitutive tensor
In the MITC shell formulation, the stresses and
material stiffness tensor needed to compute the ﬁnite
element matrices must reﬂect the shell stress assumption
of zero through-thickness stress. Klinkel and Govindjee
(2002) provide a simple, rigorous method for incorporating an arbitrary 3D material model into a shell
element. They refer to this method as the local plane
stress algorithm. The essence of this method is that the
standard 5-DOF per node shell does not provide a way
to interpolate the through-thickness strain. Instead, this
method calculates the through-thickness strain at each
integration point, so that the shell stress assumption is
satisﬁed, and then calculates the stresses and material
stiffness tensor needed for the ﬁnite element matrices.
Additionally, the thickness t ak in the direction of Vn is
updated by running the local plane stress algorithm at
each node.
Here we outline the necessary steps of the algorithm.
For a full discussion of this method, see Klinkel and
Govindjee, 2002. In this method, the stress vector, strain
vector, and stiffness tensor are partitioned:
"
# "
#"
#
^ mz
^ mm C
q^em
C
qS^ m
¼ ^ ^
,
(20)
q^ez
qS^ z
Czm Czz
where, for the shell, we have the deﬁnitions
S^ m ¼ ½S^ 11 S^ 12 S^ 13 S^ 22 S^ 23 T ;

S^ z ¼ S^ 33 .

(21)

The stress, strain, and stiffness components here are
those in the ﬁber-aligned system e^ deﬁned by Eq. (19).
The following are the steps of the plane stress algorithm
incorporated into the shell model. At each time step, this
algorithm is run at each integration point to get the
^ and is run at each node to
stress S^ and stiffness C,
t
update the thickness ak .
1. The Green–Lagrange strains e^, not including the
through-thickness strain, are calculated in the local
Cartesian system.
2. An initial guess is made for the through-thickness
strain e^33 . We use the value of e^33 from the previous
converged iteration for this guess.
3. The second Piola–Kirchoff stresses S^ and material
stiffness tensor C^ are calculated by applying Eqs. (7)
and (8), respectively to the strain energy function (Eq.
^ ¼ ½1 0 0.
(10)), with the ﬁber direction N
^
4. If jjS z jj is larger than a chosen tolerance, the throughthickness strain is updated by
e^iþ1
¼ e^ iz 
z

i
S^ z
^i
C
zz

,

continues to step 4. The converged value for e^z is the
strain in the direction perpendicular to the shell
midsurface, from which the change in thickness is
directly found. At each node, the thickness for the
next timestep tþDt ak is found by projecting the
physical thickness on the director vector Vn.
5. With S^ z ¼ 0, the stiffness matrix can be condensed
using


1 ^ ^
^
^
(23)
C C .
Ccondensed ¼ Cmm 
^ zz mz zm
C
^ condensed
6. A row and column of zeros are inserted into C
to represent the through-thickness direction, yielding
^ in the
the stiffness matrix with shell assumption C
local Cartesian system. At this step, the stresses S^ are
the stresses in the local ﬁber-aligned Cartesian
system, with the through-thickness stress equal to
zero within the chosen tolerance.
The stiffness tensor is then transformed to the natural
shell coordinate system; the stresses are transformed to
the covariant system (Eqs. (15) and (16)). Thus the
stiffness tensor and stresses from a 3D constitutive
model are incorporated into our shell.
2.4. Constitutive material model
To demonstrate this shell we use a strain-energy
function that has previously been determined for mitral
valve leaﬂet tissue through biaxial testing (May-Newman and Yin, 1998),
1=2

W ðI 1 ; I 4 Þ ¼ c0 fexp½c1 ðI 1  3Þ2 þ c2 ðI 4  1Þ4   1g,
(24)
with one set of constants for the anterior leaﬂet and one
set for the posterior (Table 1).
As in our previous work (Weinberg and KaazempurMofrad, 2005b), a neo-Hookean term is added to avoid
the zero matrix at low strains and a volumetric term is
added to enforce incompressibility.
1=2

W ðI 1 ; I 4 Þ ¼ c0 fexp½c1 ðI 1  3Þ2 þ c2 ðI 4  1Þ4   1g
pﬃﬃﬃﬃﬃ
2
þ cPD ðI 1  3Þ þ k
I3  1 ,
ð25Þ
where cPD is a constant chosen to be very small
compared to the other effective material moduli and k

Table 1
Coefﬁcient values for mitral valve tissue

(22)

and the method is returned to step 3. If the jjS^ z jj is
smaller than a chosen tolerance, the algorithm

Anterior
Posterior

c0 (kPa)

c1

c2

0.399
0.414

4.325
4.848

1446.5
305.4
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900
800

Parallel to Fiber, Shell Element
Parallel to Fiber, Analytical
Perpendicular to Fiber, Shell Element
Perpendicular to Fiber, Analytical

700
Stress [kPa]

is the compressibility, chosen to be a value much higher
than any other effective material moduli. This term is
the same as that used in the pressure-displacement
formulation (Sussman and Bathe, 1987). In this method,
pressure does not need to be separately calculated; the
full stress state will be fully calculated by the local plane
stress algorithm. The pressure can be calculated from
that stress state if desired, but is not required in the
numerical method. Thus, the deviatoric and volumetric
responses do not have to be isolated from each other.
The rest of the modiﬁcations (conversion of modiﬁed
invariants) to the strain-energy function performed in
the mixed formulation (Weinberg and KaazempurMofrad, 2005b) are not necessary.
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Fig. 2. Numerical and analytical results for equibiaxial stretching of
posterior leaﬂet.

3. Numerical tests and results

Stress [kPa]

We have implemented our element in the commercially available ﬁnite element software ADINA (Watertown, MA), using 2  2  2 Gauss integration for all
terms. We ﬁrst compare the predictions of our model to
planar analytical results. Equibiaxial stretch was applied
to the element with the material models for anterior and
posterior leaﬂets. The range of deformations here is the
same as that in the May-Newman and Yin data (1998),
which reﬂects the range of deformations expected in
physiological leaﬂet function. The numerical results (see
Figs. 1 and 2) match the analytical within the limits of
numerical accuracy.
To examine the behavior in mixed stress states
(membrane and bending stresses), we predict the
behavior of a cylindrical arch structure shown in
Fig. 3, with large displacements applied. Material
properties of the anterior and posterior leaﬂet are used
with constants cPD ¼ 1  105 and k ¼ 1  105 , and the
initial ﬁber direction is deﬁned running either parallel to
the axis of the cylinder or along the circumference of the
cylinder. Dimensions are typical of a piece of leaﬂet
500

Parallel to Fiber, Shell Element
Parallel to Fiber, Analytical

400

Perpendicular to Fiber, Shell Element
Perpendicular to Fiber, Analytical

200
100

1.05

1.10
Stretch [-]

1.15

tissue: length of arch of 2.0 cm, height of arch of 0.5 cm,
initial thickness of 1.0 mm. In all cases the simulation
converged with an applied mid-point displacement up to
0.6 cm. Plots of the reaction force versus the applied
displacement are shown in Fig. 4.

4. Conclusions

300

0
1.00

Fig. 3. Geometry of cylindrical test case.

1.20

Fig. 1. Numerical and analytical results for equibiaxial stretching of
anterior leaﬂet.

A shell element appropriate for simulating the motion
of heart mitral valve leaﬂets has been presented. This
element extends the conventional MITC4 shell element
to describe ﬁber-aligned anisotropy and large deformation. The shell element uses the same DOF as the
conventional element, and thus can be readily incorporated into existing ﬁnite element software.
The goal is to create a shell element that rigorously
predicts the 3D stress state (with the shell stress
assumption) of a mitral heart valve leaﬂet. In this
paper, we have used an existing strain-energy function
derived and veriﬁed in biaxial testing. Simulation of
leaﬂet motion would require a constitutive model
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Fig. 4. Force versus displacement plots for cylindrical test case.

veriﬁed also in bending and shear. We see the development of this shell element as a step towards determining
such a constitutive model.
In this paper, we have extended the MITC4, 5-DOF
per node shell element to describe large deformation and
transversely isotropic mechanical behavior. This extended element, by using the same DOF as the
conventional 4-node shell, can readily be used in ﬁnite
element codes that already incorporate a 4-node shell,
and does not impose the large increase in computation
cost associated with adding DOF. This element represents a radical savings in computational expense over
our previous method for representing the 3D deformation state, which was using a 27-node mixed-interpolation solid element. Promising future applications of this
element include reﬁnements of the leaﬂet constitutive
models, ﬁnite element simulations of mitral valve
function, and extension to include the layered histology
of the leaﬂet.
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