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Abstract

Mass transport may play a significant role in the development of atherosclerosis, a progressive disease of the artery

wall. In this work, advection-dominated transport of blood-borne components such as oxygen and ATP is considered in

two arterial models with mild (56% area reduction) stenoses, representative of the early stages of disease development.

Flow and mass transport patterns in a symmetric stenosis are contrasted with those in an asymmetric model. The com-

plex flow field due to the asymmetric stenosis (which is a more realistic representation of the diseased arteries) resulted

in mass transfer patterns substantially different than those exhibited by the axisymmetric stenosis. This implies that

accurate representation of arterial geometries is essential when the link between mass transfer and atherosclerosis is

sought.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Atherosclerosis is the leading cause of morbidity and

mortality in Western societies. It is a progressive disease

characterized by localized plaques that form within the

artery wall. As the disease progresses, these plaques en-

large and, either directly or indirectly, lead to impair-
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ment of blood flow. This in turn can have serious

consequences, such as blockage of the coronary arteries

(leading to myocardial infarction) and carotid arteries

(leading to strokes as plaques detach and occlude the

cerebral vasculature). Atherosclerotic lesions are found

preferentially at specific sites in the arterial system, typ-

ically near bifurcations, bends, and other regions charac-

terized by ‘‘complex’’ blood flow patterns [1].

These observations, as well as data about the re-

sponse of endothelial cells to mechanical forces, suggest

that hemodynamics, i.e. fluid dynamic related phenom-

ena, play a role in the initiation and progression of ath-

erosclerosis. In particular, low and oscillatory wall shear

stress (WSS) has been found to be positively correlated

to localized intimal thickening of the arterial wall
ed.
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[2–5]. However, the relationship between WSS and arte-

rial disease is far from being well-understood [6]. WSS

plays an important role in remodelling the arterial wall

[7] and can lead to arterial wall thickening (intimal

hyperplasia), but hyperplastic regions of the artery wall

do not invariably progress to develop atherosclerotic

disease. Moreover, the correlation between WSS and

intimal thickening is unconvincing in some arteries

[8,9]. Taken together, these data suggest that WSS

may not be the only mechanism that promotes athero-

genesis (the initiation of atherosclerotic lesions). Caro

et al. [10] suggested that atherosclerosis may occur due

to a shear dependent mass transfer mechanism. Further,

hypoxia associated with low oxygen transfer has been

linked to initiation of atherosclerosis (see [11] and refer-

ences therein). In order to assess the possible correlation

between sites of atherosclerotic disease and mass trans-

port patterns, accurate characterization of local mass

transport features is required.

The goal of this paper is to study mass transfer in two

idealized arterial models with mild (56% cross-sectional

area reduction) stenosis. Quantitative assessment of flow

and mass transfer in mild stenoses is of great impor-

tance, since such stenoses represent the early stage of

disease development. Several studies have examined

fluid flow and mass transfer patterns in axisymmetric

stenoses, but there are only a few studies in asymmetric

stenoses. For example, Ojha et al. [12] and Yamaguchi

and Hanai [13,14] studied flow in asymmetric stenoses,

showing that asymmetry markedly affected flow and

wall shear stress patterns. Wada et al. [15] modelled flow

and low density lipoprotein mass transport in an arterial
Fig. 1. Views of the stenosis regions in the two models, with mass t

foreshortened by a factor of two.
junction that included an asymmetric stenosis, showing

asymmetric mass transfer patterns.

Because real atherosclerotic lesions are asymmetric,

we need to better understand factors controlling mass

transfer in such geometries. This has prompted us to

investigate the effect of the asymmetry on fluid flow

and mass transport patterns in stenoses. A Schmidt

number of Sc = 3000 suitable for oxygen and ATP is

assumed.
2. Methods

2.1. Stenosis geometries

The axisymmetric and asymmetric (off-centered) 56%

area reduction stenoses used in this work are shown in

Fig. 1. The total length of each model was 20D, aligned

along the z-axis, where D is the diameter of the non-ste-

nosed part of the artery. The length of the stenosis in

both models was 4D, with the center of the stenosis posi-

tioned at z = 0, leaving 14D downstream of the stenosis

for the flow to redevelop, and 2D upstream of the steno-

sis as an entrance length.

The axisymmetric stenosis had the following cosine

shape:

r
R
¼ 1� d

D
1þ cos

2pz
Z0

� �� �
ð1Þ

for �2D < z < 2D, where r = r(z) is the radius of the

artery at location z in the stenosed region, R is the radius

of the non-stenosed part of the artery, d is the maximum
ransfer surface meshes overlain. Note that the z-axis has been
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radius reduction at the throat of the stenosis (D/6), and

Z0 is the length of the stenosis (4D). The asymmetric ste-

nosis model was made by using the same circular cross-

sections as defined by Eq. (1), with the centre of each

cross-section being offset in the x direction by an

amount D � r. This resulted in a smooth, eccentric ste-

nosis with a ‘‘healthy’’ wall (no profile change) and a

‘‘diseased’’ wall (Fig. 1).

2.2. Modeling conditions and numerical details

Steady flow and mass transfer were considered in

arteries with rigid and stationary walls. Although it is

believed that physiological unsteadiness significantly af-

fects both flow field and mass transfer patterns, the stea-

dy state assumption is reasonable for the initial stages of

this study. Blood was assumed to have Newtonian rhe-

ology. The non-Newtonian viscosity of blood has been

found to have little effect in the dynamics of blood flow

in the large arteries of interest [16,17].

The Reynolds number was ReD = VD/m = 250, where

V is mean inlet velocity, D is inlet diameter and m is

blood kinematic viscosity. The Schmidt number was

Sc ¼ m=D ¼ 3000, where D is the diffusivity of the trans-

ported species in blood. This value is representative of

relatively small species such as ATP or free oxygen in

blood. In the case of oxygen, which is carried both dis-

solved in plasma and bound to hemoglobin in red cells,

the effective diffusivity is a non-linear function of local

oxygen concentration [18], which we did not account

for in this study. Although the inclusion of oxygen

bound to hemoglobin somewhat modifies the details of

the mass transfer process we chose to focus on free oxy-

gen transport, given that the primary objective of the

present work is to address the importance of accurate

geometrical representation in physiological mass trans-

fer calculations. The flow boundary conditions were as

follows: a fully developed velocity profile was imposed

at the inlet, the no-slip velocity boundary condition

was set on the walls, and the traction-free boundary con-

dition was applied at the outlet. The mass transfer

boundary conditions were as follows: a uniform dimen-

sionless concentration of c = 1 was imposed at the inlet,

a Dirichlet boundary condition of c = 0 was set on the

walls, and a zero gradient in c was applied at the outlet.

Setting c = 0 on the artery wall essentially neglects cou-

pling between mass transport in the blood and in the

artery wall, and is appropriate, for example, when the

fluid-side mass transport resistance dominates the wall-

side resistance, as discussed in greater detail in [19].

The key outcome measure in these simulations was

the mass flux to the arterial wall, quantified through

the Sherwood number, ShD ¼ nD=ðDDcÞ, where n

is the local mass flux to the artery wall and Dc is a refer-

ence concentration difference, in this case the inlet con-

centration minus the wall concentration. The mass flux
n was computed by numerical differentiation of the con-

centration gradient at the wall.

Use was made of the existence of a symmetry plane

and only half of the geometry was considered in both ar-

tery models. The mesh used for modeling the flow in

both stenosis models had 360,640 linear brick elements

(380,817 nodes). In the circumferential direction, 40

elements were used for the half-geometry, while in the

z-direction, the mesh spacing was D/30 for �4 <

z/D < 4, and then gradually increased towards 0.15126D

at the outlet. In the non-stenosed region, the element size

in the radial direction was 0.02D at the center of the ves-

sel and 0.00565D at the circumference, with propor-

tional reductions in the stenosed region of the vessel.

To model the mass transfer field, the four layers of

elements near the wall were subdivided to give meshes

with 517,440 linear brick elements (541,947 nodes).

The subdivision was non-uniform, with the outermost

layer of flow elements being radially subdivided into five

layers of mass transfer elements, the next layer of flow

elements being subdivided into four layers of mass trans-

fer elements, etc. The resulting off-wall spacing was D/

885 in the non-stenosed region of the artery, with pro-

portional reduction in off-wall spacing in the stenosis

region.

The 3-D, steady, incompressible Navier–Stokes equa-

tions were solved with a commercial finite volume pack-

age (STAR-LT 2003 SR-1). Default settings were used,

namely: the steady flow option, the SIMPLE formula-

tion, first order upwind differencing for velocity and

central differencing for pressure on a staggered grid.

Convergence was achieved when the maximum mass

and momentum residuals fell below 10�4. For the mass

transfer calculations the 3-D steady advection-diffusion

equation was solved with a validated finite element

code based on the streamline upwind Petrov–Galerkin

method [15,20,21] using linear hexahedral 8-noded finite

elements.
3. Results

3.1. Axisymmetric stenosis model

Flow accelerates in the converging part of the axi-

symmetric stenosis and a high momentum jet is formed

at the throat (Fig. 2). The velocity profile then expands

gradually and smoothly downstream of the stenosis. The

flow in the axisymmetric stenosis model experiences a

small and weak recirculation zone, as denoted by the

black bar in Fig. 2. No circumferential asymmetries

occur, as expected. The thickness of the momentum

boundary layer slightly increases as a result of the

expansion distal to the throat of the stenosis constric-

tion, which extends to about 8D downstream of the

throat.



Fig. 2. Velocity and concentration profiles in the axisymmetric stenosis model. Upper panel: a contour plot of normalized axial velocity

(Vz) on the centre plane of the stenosis and selected cross-sectional slices. The small bar on the upper edge shows the extent of the (weak)

separation zone; the corresponding bar on the lower edge is not shown for clarity. The axial velocity has been normalized by the mean

inlet velocity. Lower panel: corresponding normalized concentration contours, plotted using a non-linear scale bar. Note that the z-axis

has been foreshortened by a factor of two in both panels.
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The concentration patterns follow the flow field as

expected. As we approach the throat of the stenosis,

the concentration boundary layer thins towards a mini-

mum at the throat (Fig. 2). Downstream of the stenosis

throat the concentration boundary layer thickens as the

low velocity region of flow, including the weak recircula-

tion zone, allows the mass transfer boundary layer to

grow. This trend continues until approximately z/D = 1

where the concentration boundary layer experiences its

maximum thickness. The concentration boundary layer

thickness starts to decrease again as the low velocity re-

gion becomes smaller. The concentration pattern is sym-

metric over the arterial cross-sections.

For a more quantitative insight into flow and mass

transport patterns in the axisymmetric stenosis, the nor-

malized wall shear stress and Sherwood number (ShD)

were next examined (see Fig. 3). The shear stress peaks

just proximal to the stenosis throat and shows the weak

recirculation zone between z/D = 1.5 and 2. The ShD dis-

tribution at the inlet section agrees very well with the

Graetz–Nusselt solution, indicating that the computa-

tional mesh used was sufficient to resolve relevant flow

and mass transfer features. The maximum mass transfer

rate occurs slightly upstream of the stenosis throat, sim-

ilar to the WSS peak. The minimum value of ShD is

nearly zero, and occurs at z/D = 1.5, i.e. in the low veloc-

ity region downstream of the throat. The Sherwood

number then starts to increase as the mass transfer

boundary layer thins due to a reduction in the size of

the low momentum flow region, asymptoting to the dis-
tribution expected for a non-stenosed artery (Graetz–

Nusselt solution).

3.2. Asymmetric stenosis model

The flow field in the asymmetric stenosis model is

much more complex than in the axisymmetric model.

Similar to the axisymmetric stenosis, the flow accelerates

in the converging part of the asymmetric stenosis (Fig.

4). However, the non-symmetric contraction leads to a

secondary flow directed primarily towards the healthy

wall (see cross-sectional contour at z/D = �1.5). As the

flow nears the throat, the axial flow streamlines curve

to follow the contour of the diseased wall, inducing a

transverse pressure gradient and a corresponding sec-

ondary flow. This produces a weak Dean-like vortex

that is superimposed on the upstream contraction flow

(see cross-sectional contour at z/D = �0.1). Distal to

the throat there is a prominent and complex retrograde

flow zone on the diseased wall, which extends along the

symmetry plane for about three diameters downstream

of the throat. The three-dimensional nature of this retro-

grade flow zone can be partially appreciated from the

cross-sectional slices at z/D = 1.3 and 2.7 in Fig. 4, which

shows how the distal portion of this zone is ‘‘fed’’ with

fluid from above. A complex interaction between the

retrograde flow zone and the expansion of the high-

momentum fluid core distal to the throat causes a reversal

of the secondary flow circulation patterns at z/D = 1.3.

Vorticity generated near the throat causes a stream-wise
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Fig. 3. Distribution of normalized WSS (top panel) and ShD (bottom panel) in the axisymmetric stenosis with 56% area reduction.

Wall shear stress is normalized by the Poiseuille value in a non-stenosed tube (thin line). The Sherwood number predicted by the

Levesque solution (high Schmidt number form of the Graetz–Nusselt solution [22]) is shown in the bottom panel for reference.

Fig. 4. Velocity and concentration profiles in the non-symmetric stenosis model. Plot is similar to Fig. 2 except that secondary flow

streamlines have been shown on cross-sections, and the contour of zero axial velocity (Vz) has been highlighted in white in the upper

panel so as to better identify the retrograde flow zone.
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vortex to form, which becomes evident for z/D > 3, and

eventually dissipates much further downstream.

The corresponding concentration profiles are shown

in the lower panel of Fig. 4, and are dominated by the

interaction between the retrograde flow zone and the
secondary flows. For example, there is an extensive re-

gion of low concentration fluid on the symmetry plane.

This fluid flows retrograde and then splits into two main

streams. One stream flows circumferentially along the

side wall towards the healthy side of the artery, creating
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a crescent of low-concentration fluid that extends up the

side walls of the stenosis just distal to the throat. The

other stream stays close to the symmetry plane and

leaves the ‘‘top’’ of the retrograde flow zone, moving

slowly downstream and creating a ‘‘tail’’ of low-concen-

tration fluid that extends for a great distance along the

diseased wall.

More insight into the separation distal to the stenosis

throat can be obtained from looking at the so-called

‘‘limiting streamline’’ field (also called ‘‘wall stream-

lines’’ or ‘‘skin friction lines’’; see [23]). The limiting

streamlines are interpreted as trajectories arising from

the vector-valued wall shear stress field on the solid sur-

face, and are shown for the case of the asymmetric ste-

nosis in Fig. 5. In that figure we have also identified

the singular points in the limiting streamline field, which

are points where both components of the shear stress

vanish. Such points can be classified as saddle points

or nodes, and must obey a constraint on their distribu-

tion arising from kinematics [23,24]. Separation is not

trivial to define in three dimensions, and occurs when

limiting streamlines converge onto one particular limit-

ing streamline emanating from a saddle point [23,25].

The limiting streamline onto which multiple streamlines

converge is the line of separation. Fig. 5 shows that a

line of separation emanates from the separation point

on the symmetry plane, runs along the side wall, and ter-

minates at the focus. There is also a line of attachment

running along the side wall that passes through a saddle

point on the symmetry plane.

The Sherwood number distribution in the asymmet-

ric stenosis is quite complex, and reflects the strong sec-

ondary flows present in this geometry. The maximum

Sherwood number occurs on the symmetry plane slightly

proximal to the stenosis throat, at z/D � �0.5. Distal to

the stenosis, the Sherwood number is low in a broad
Fig. 5. Limiting streamline and counters of Sherwood number, ShD
singular points in the limiting streamline distribution: two saddle point

nodal points labeled ‘‘Focus’’, only one of which is visible in this view

turned slightly so that the axis of symmetry is at the lower edge of th
zone on the side wall along the line of separation and

around the focus point. The minimum value of the Sher-

wood number for the entire domain is approximately

1.2, which occurs by the focus point. The Sherwood

number is slightly elevated in the reattachment region

on the diseased wall and along the side wall, particularly

distal to the reattachment point.

Further insight into mass transfer is obtained by

examining wall shear stress and Sherwood number dis-

tributions (Fig. 6). Along the diseased wall, the lowest

mass transfer rate is experienced at the separation point,

where the Sherwood number is only about 5% of its

peak value. There is a small local maximum in the ShD
distribution curve on the diseased wall at z/D � 1.5, cor-

responding to the re-attachment point. However, other

than this local effect, the Sherwood number distal to

the throat is lower than that for a non-stenosed artery

(Graetz–Nusselt solution) for an extended length along

the diseased wall. This can be understood in the context

of the extended low concentration ‘‘tail’’ described

above. The minimum in Sherwood number at the focus

is also clearly visible in this figure. There is also a modest

thickening of the mass transfer bounder layer and corre-

sponding reduction in the Sherwood number down-

stream of the stenosis on the healthy wall.

When comparing the axisymmetric and asymmetric

stenoses, it is remarkable how different the velocity

and concentration profiles are. This of course leads to

corresponding differences in the wall shear stress, but

most importantly in the Sherwood number distribution

(compare Figs. 3 and 6). For example, even though

the peak wall shear stress differs by about 20% between

the healthy and diseased walls, the corresponding Sher-

wood number difference is about 40%. Generally speak-

ing, the advection-dominated mass transport seen in this

problem is more strongly affected by the secondary flows
, in the non-symmetric stenosis model. In total there are four

s labeled ‘‘Separation’’ and ‘‘Reattachment’’ and two symmetric

. This is a perspective (3-D) view of the side wall of the stenosis,

e figure. See text for definition of limiting streamlines.



z/D

N
or

m
al

iz
ed

W
S

S

0 5 10 15
-1

0

1

2

3

4

5

6

7

8

Healthy

Diseased

Through Focus

z/D

S
h

D

0 5 10 15
0

50

100

150

200

Healthy

Diseased

Graetz-Nusselt

Through Focus

Fig. 6. Distribution of normalized WSS (top panel) and ShD (bottom panel) in the asymmetric stenosis with 56% area reduction.

‘‘Through Focus’’ refers to data extracted from a line of constant h = tan�1 (x/y) passing through the focus; ‘‘Diseased’’ and ‘‘Healthy’’

refer to data extracted along the bottom and top walls on the symmetry plane, corresponding to h = �90� and +90�, respectively. Here

wall shear stress refers to total wall shear stress magnitude. See Fig. 3 for further details of plot.

4516 M.R. Kaazempur-Mofrad et al. / International Journal of Heat and Mass Transfer 48 (2005) 4510–4517
than is the momentum transport. That is, due to low dif-

fusion coefficients, geometric effects have a more pro-

longed effect on mass transfer patterns than on flow

patterns.
4. Summary and conclusions

Flow and mass transfer patterns were simulated in

two arterial stenosis models with 56% area reduction

representing the early to middle stages of atherosclerotic

disease development. Axisymmetric and asymmetric

cases were examined. The detailed geometry of in vivo

stenoses is rarely known. However, as this study shows,

the flow and mass transfer patterns are strongly depen-

dent on the shape of the stenosis.

Similarities exist between the two models, as both

show a tendency of the mass transfer boundary layer

to thicken downstream of the stenosis. However, the

two models differ in their mass transfer patterns in the

immediate neighbourhood and distal to the stenosis. In

the asymmetric stenosis model, which is a more realistic

representation of diseased arteries, the development of

downstream secondary flow features contributed to cir-

cumferentially non-uniform concentration distributions

and to mass transfer patterns that are different than

those in idealized axisymmetric stenoses. Higher Rey-

nolds numbers and higher area reductions would be ex-

pected to enhance the significance of these secondary
features. This underlines the importance of accurate rep-

resentation of arterial geometries when the link between

mass transfer and atherosclerosis is sought.

A limitation of this work is that only steady flow and

mass transfer have been considered. The effects of

unsteadiness in arterial mass transfer have been dis-

cussed in [19]; for high Schmidt numbers, there are not

large differences between the steady case and the time-

averaged unsteady case. However, this assumes that

there are no instabilities in the flow, which for flow

through a stenosis can occur for certain ranges of

Reynolds number and stenosis severity [12]. A second

limitation is that we have considered only half of the

computational domain, thereby excluding any symme-

try-breaking flow features which can be triggered by

very small perturbations [26]. For physiologically-

shaped stenoses (which are never symmetric) this is less

of an issue.
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