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Accurate estimates of stress in an atherosclerotic lesion require
knowledge of the material properties of its components (e.g., normal wall, fibrous plaque, calcified regions, lipid pools) that can
only be approximated. This leads to considerable uncertainty in
these computational predictions. A study was conducted to test the
sensitivity of predicted levels of stress and strain to the parameter
values of plaque used in finite element analysis. Results show that
the stresses within the arterial wall, fibrous plaque, calcified
plaque, and lipid pool have low sensitivities for variation in the
elastic modulus. Even a ⫾ 50% variation in elastic modulus leads
to less than a 10% change in stress at the site of rupture. Sensitivity to variations in elastic modulus is comparable between isotropic nonlinear, isotropic nonlinear with residual strains, and
transversely isotropic linear models. Therefore, stress analysis
may be used with confidence that uncertainty in the material properties generates relatively small errors in the prediction of wall
stresses. Either isotropic nonlinear or anisotropic linear models
provide useful estimates, however the predictions in regions of
stress concentration (e.g., the site of rupture) are somewhat more
sensitive to the specific model used, increasing by up to 30% from
the isotropic nonlinear to orthotropic model in the present example. Changes resulting from the introduction of residual
stresses are much smaller. 关DOI: 10.1115/1.1537736兴
Keywords: Atherosclerosis, Stress Analysis, Finite Element
Analysis, Plaque Rupture

Introduction
Although the precise mechanisms of plaque rupture are not yet
fully understood, structural analyses of arteries suggest that rupture occurs in areas of high stress concentration 关1,2兴. In that the
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stress concentrations are critically dependent upon the geometry
and mechanical properties of the lesion, the potential exists for
using computational analysis of the stress distribution in conjunction with magnetic resonance or ultrasound imaging as a diagnostic tool. Accurate estimates of stress, however, require knowledge
of the material properties of the different regions within the wall
共e.g., normal wall, fibrous plaque, calcified regions, lipid pools兲
that can only be approximated and have been shown to be widely
variable 关3,4,8兴. Thus there is considerable potential uncertainty in
these computational predictions.
The purpose of this study is to test the sensitivity of predicted
levels of stress to these material properties. Strains are also considered since wall deformation has been implicated in the stimulation of secretion, synthesis and gene expression in connection
with a variety of factors implicated in the disease process. Models
for analysis include isotropic nonlinear and anisotropic linear. Residual strains were also incorporated into the isotropic nonlinear
model for further analysis.

Methods
Overview. Finite element analysis was applied to a typical
two-dimensional cross-section of a diseased, ruptured artery excised post mortem. In order to generate the pre-ruptured geometry,
we examined a post mortem specimen obtained from the coronary
artery 共Fig. 1兲. Regions of artery wall, fibrous plaque, lipid deposits, and calcified plaque were identified in a histological crosssection of the specimen. An investigator not involved in the current study reconstructed the pre-rupture, in vivo geometry, from
which a model was generated using the commercial package OPTIMAS 共Media Cybernetics, Silver Spring, MD兲. This geometry
and its imposed boundary conditions were then used to create a
finite element model.
Parameters. Fibrous plaque and arterial wall are each initially modeled as linearly elastic, orthotropic materials due to the
in-plane load carrying capability of their collagenous components.
Their mechanical properties are described by Er and E 共Young’s
moduli in the r and  directions, respectively兲,  r and   z 共Poisson’s ratios in the r- and -z planes, respectively兲, and Gr 共shear
modulus in the r- plane兲 关1,6兴. The properties in the -direction
are taken to be the same as for the z-direction, constituting a
transversely isotropic material.
In determining the anisotropic parameters, E for the plaque
and artery were taken from the most recent data known at the time
of this study 关4兴. In the same reference, Er was estimated to be 5%
of E . The value of   z is based on previous data from canine
aortas 关5兴. From these numbers,  r was then calculated to satisfy
the conditions for a positive-definitive stiffness matrix 关6兴. The
value for Gr was calculated as the average of its upper and lower
limits, the upper bound taken as E , the lower bound calculated
by modeling the materials as incompressible and isotropic, in
which case, Gr ⫽(Er/3) 关7兴. Therefore, the resulting value of
Gr ⫽ 关 E ⫹(Er/3) 兴 /2 was used.
Calcified plaque and lipid are assumed to be linearly elastic,
共nearly兲 incompressible, isotropic materials. Their mechanical
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Fig. 1 Histology of the post mortem specimen obtained from the coronary artery. Segmentation provided by Dr. Renu Virmani.

properties are described by E, the Young’s modulus and , Poisson’s ratio. Values for E were taken from recent measurements
关4,8兴, and a value of 0.45 was chosen for , slightly smaller than
that for an incompressible material to avoid complications in the
solution procedure. The resulting parameters are summarized in
Table 1.
In order to incorporate non-linear behavior, the specimen was
also modeled using the standard Lagrangian formulation for large
displacements and large strains 关9兴. An isotropic form of the strain
energy density function 共SEDF兲 for the 共nearly兲 incompressible
artery wall is specified 关10兴:
a
W⫽ 共 e b/2(I 1 ⫺3) ⫺1 兲
b

(1)

where a and b are constants 共Table 2兲 that reflect the elastic propTable 1 Anisotropic linear material parameters.
ARTERY

FIBROUS

10.0
100.0
1.00
0.27
51.67

115.6
2312.0
1.35
0.27
1175.27

Er 共kPa兲
E 共kPa兲
 r
 z
Gr 共kPa兲

CALCIFIED

LIPID

1466

0.345

0.45

0.45

Table 2 Isotropic non-linear material parameters.
Material

a 共kPa兲

b

Artery
Fibrous Plaque
Calcified Plaque
Lipid

33.333
770.667
488.667
0.115

16.73
40.0
30.0
5.0
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erties and tissue composition; I 1 is the first invariant of the strain
tensor. In the Taylor series expansion, a has the significance of the
elastic modulus; b is related to the strain-stiffening behavior of the
material. The data of Loree et al. 关8兴 were used to obtain the
values a and b by matching to the average of the uniaxial stressstrain curves in the  direction. This SEDF, despite being isotropic, has been shown to perform well as compared to other forms
found in the literature 关11兴. Its predicted response is in good qualitative agreement with experimental measurements since it describes the well-known strain stiffening behavior of arteries.
Finite Element Analysis. The finite element analysis was
carried out using ADINA, version 7.3 for the anisotropic case,
version 7.4 for the isotropic nonlinear case, and version 7.5 for the
isotropic nonlinear case with residual strain 关12兴. Using the geometry created from the histology specimen, a computational mesh
was generated with quadrilateral, nine-node, plane-strain elements
共Fig. 2兲. These elements have a local dimension of 0.03 mm,
thereby allowing for accuracy particularly near material interfaces
关1兴. Mesh refinement by doubling the number of elements in the
vicinity of the rupture point produced results that were generally
within 0.4% of those from the original mesh. For the anisotropic
model, displacement-based elements were used and for the isotropic models, displacement/pressure 共u/p兲 based elements were used
to avoid locking as  approached 0.5 关9兴.
Residual strains were applied to the isotropic nonlinear model
in order to produce a model with smaller radial stress gradients at
normal arterial pressure, as typically found in normal, healthy
arteries 关3,10兴. Strain values from the inflated isotropic model
were averaged over 15 degree segments. This average value per
segment was then subtracted from each of the original 共inflated兲
strain values in that segment, node by node 共done repetitively for
each of the 15 degree segments兲. These differences were then
applied to the model as nodal initial strains 共Fig. 3兲.
Transactions of the ASME

Fig. 2 Computational mesh with the model test points labeled. Red indicates normal arterial
wall „media and adventitia combined…, blue, fibrous plaque, purple, calcified plaque, and green,
lipid pools.

Orthotropic axes were defined for each element, roughly corresponding to the circumferential and radial directions. Once the
model was defined, the load was then ramped to an intraluminal
static pressure of 14.6 kPa 共110 mmHg兲; external pressure was
assumed to be zero. The resulting mesh contained 44,450 nodes,
11,554 elements, and 110 surfaces. Maximum principal stress and
maximum principal strain are determined at three points of inter-

est: 共1兲 an element between a lipid pool and the lumen, denoted as
Test Point 1 共TP1兲, 共2兲 an element where the plaque is relatively
homogeneous, denoted as Test Point 2 共TP2兲, and 共3兲 the node,
denoted as RUP, where plaque rupture occurred in vivo 共Fig. 2兲.
Sensitivity Analysis. To observe the sensitivity of these material parameters, the models were first analyzed at the baseline

Fig. 3 Diagram of residual stress calculation and application.
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Fig. 4 Maximum principal stress band plot „in Pa… for isotropic trials using average parameters. The triangle indicates the location of maximum stress while the star indicates the location of minimum stress. Nonlinear isotropic „a… and nonlinear isotropic with residual stresses
„b…. In the nonlinear isotropic run, the location of maximum stress is also the rupture site.
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Fig. 5 Maximum principal stress band plot „Pa… for a transversely isotropic trial of average
parameters. The triangle indicates the point of maximum stress while the star indicates the
point of minimum stress. In the transversely isotropic and nonlinear isotropic with residual
strain runs, the point of maximum stress is in an area of artificial stress concentration.

共average兲 values of each parameter for each material. Analyses
were then conducted in which one of the four defining parameters
of each orthotropic material 共Table 1兲, or one of the two defining
parameters of each isotropic nonlinear material 共Table 2兲, was
varied by ⫾10%, ⫾20%, and ⫾50%. An exception was made
for the Young’s modulus of lipid, which was varied over its
known range 共35% to 260% of its initial value兲 only for the anisotropic trials 关8兴.
It is important to note that because some parameters were specified in relation to others as described above, when one was varied,
the other related parameters were altered as well. This is because
the nonlinear material parameters are based on two values, a/b
and b/2 关see Eq. 共1兲兴. When a is varied, only the first parameter
changes. However when b is varied, both parameters change.

Results and Discussion
Mean Stress and Strain Levels. Stress distributions for the
three types of analysis, namely isotropic nonlinear 共with and without residual strains兲 and anisotropic linear, are shown in Figs.
4共a兲, 共b兲, and 5, respectively. Whereas the distributions are generally similar, there are several differences of note. The maximum
level of stress in the nonlinear case 共without residual strains兲 is
located at the site of rupture, while the anisotropic and nonlinear

Table 3 Maximum principal stress and strain values at baseline parameters for Isotropic and Anisotropic cases.
Isotropic Nonlinear
w/Residual Strain

RUP
TP1
TP2

Stress
共kPa兲

Strain

314.532
49.088
12.229

0.097
0.018
0.007

Isotropic Nonlinear
Stress共kPa兲 Strain
399.91
49.799
12.153

0.099
0.017
0.005
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Anisotropic Linear
Stress
共kPa兲

Strain

552.334
77.345
9.942

0.196
0.032
0.003

Fig. 6 Graphical representation of maximum principal stress
„panel a… and strain „panel b… vs. location in specimen for anisotropic and isotropic nonlinear „with and without residual
strains…. The specific locations in the specimen were: RUP, the
rupture site, TP1, test point one, and TP2, test point two „see
Fig. 2…. The region „artery, fibrous, etc.… identifies in which portion of the model the parameters were changed in a given
test „color coded in Fig. 2…. Legend in „a… is applicable to both
panels.
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Fig. 7 Sensitivity of maximum principal stress „in % change from nominal values… for the isotropic nonlinear
without residual strains model, vs. % change in a „left panel… and b „right panel… coefficients of the corresponding material as indicated in legend of „a…. Legend in „a… is applicable to all plots.

with residual strains models predict peak stress at a remote site
where the vessel wall seems to exhibit a sharp corner 共see Figs.
4共a兲, 共b兲 and 5 to locate the site of peak stress兲. This is presumably
artifactual but illustrates an important potential source of error in
this type of calculation.
The maximum principal stress levels when all parameters are
fixed at their calculated values serve as the baseline conditions for
the sensitivity analysis. These values are provided in Table 3
关Figs. 6共a兲–共f兲兴.
The isotropic 共anisotropic兲 level of stress at the rupture site is
approximately 1.5 times 共2 times兲 that previously used as a threshold value for plaque rupture 关1兴. Although values at the three sites
152 Õ Vol. 125, FEBRUARY 2003

are generally consistent, stress at the site of rupture is somewhat
reduced by the addition of residual strain, and increased by introducing the linear orthotropy of the specimen.
Isotropic Nonlinear Analysis. Sensitivity results in the form
of the percentage change in stress or strain are presented in Figs.
7–9, for the isotropic nonlinear analyses with and without residual
strain, respectively. As can be seen, when the modulus, or a, the
nonlinear material analog, is varied, changes in stress are relatively small for a ⫾10%, ⫾20%, and ⫾50% variation. Specifically, a 50% change in a and b yields less than a 10% change in
the maximum stress. The changes in strain, however, are compaTransactions of the ASME

Fig. 8 Sensitivity of maximum principal strain „in % change from nominal values… for the isotropic nonlinear
model without residual strains, vs. % change in a „left panel… and b „right panel… coefficients of the corresponding material as indicated in legend of „a…. Legend in „a… is applicable to all plots.

rable to the variation in a, which is more pronounced in the fibrous plaque data since all three points lie in fibrous plaque. This
reflects the fact that the stresses must balance the average loads.
Thus changes in stress can only result from changes in the distribution of stress across the wall, and these are apparently small.
Strain, however, must directly reflect any change in modulus.
Effects due to changes in arterial wall properties are particularly
small since the points of interest lie within fibrous plaque and the
arterial wall contributes little in supporting the overall load. The
effects of varying b in the nonlinear model were generally very
Journal of Biomechanical Engineering

small throughout all materials, except fibrous plaque which exhibited a significant, yet less than 10%, change in stress when b was
varied by as much as 50%.
Examining the plots of the sensitivity analysis in Figs. 7 and 8,
some general trends are visible across the variations in a and b for
all four of the materials. The general trends in all of the plots
shows that as a and b increase, the stress and strain decrease at
the rupture point. Most noticeable is the change in stress and
strain at the rupture point due to variation of fibrous plaque and
lipid parameters. This is consistent with the fact that the rupture
FEBRUARY 2003, Vol. 125 Õ 153

Fig. 9 Sensitivity of maximum principal stress and strain for the isotropic model with nonlinear residual
strains, due to a À50% change in a „left panel… and b „right panel… of the corresponding material as indicated
in each panel.

point 共RUP兲 resides in the fibrous cap shoulder and near the lipid
pool. While all three points 共RUP, TP1, and TP2兲, show significant
sensitivity to fibrous plaque parameters 共all three lie in fibrous
plaque regions兲, TP1 shows sensitivity to other materials as well.
TP1 is located near a lipid pool and an area of calcification so it
will be more likely to exhibit stress change due to variation in the
parameters of lipid and calcified plaque. The strain at TP1 is less
affected by lipid and calcification and primarily governed by fibrous plaque properties.
The general trend of decreasing stress and strain with increasing a, may be explained from the nature of a. Since a is effectively the nonlinear counterpart of the elastic modulus, any increase in a reflects the stiffening of the material. Although
qualitatively similar trends are shown by sensitivity of strain to a
and b, variation in b yields a much 共two orders of magnitude兲
smaller change in strain variation 共see Fig. 8兲. This can be explained from the present formulation of strain energy density
function, as the exponential term compensates for the prefactor
denominator.
Results for the nonlinear analysis with residual stain are presented in Fig. 9. Considering the striking similarity observed 共see
Fig. 6兲 between stress and strain for the nonlinear trials with and
without residual strain, only a few trials were run for this model to
prove that the nonlinear model with residual strains has the same
sensitivity as the nonlinear model without them 共see Fig. 9兲.

Fig. 10 Sensitivity of maximum principal stress and strain for
the anisotropic model, due to À10% change in   z of the corresponding material as indicated in each panel.
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Anisotropic Analyses. The anisotropic trials 共Fig. 10兲 are
generally consistent with the isotropic ones. For both cases, the
variation of stress is similar across material parameters and test
points. Also, the normal arterial wall material properties have little
effect on maximum principal stress or strain, and the variation of
 for the lipid trials exhibits a tendency for greater deviation as 
approaches the incompressible limit of 0.5.
For the anisotropic trials, the sensitivity between positive and
Transactions of the ASME

negative variations were symmetric throughout with the exception
of the change in  for calcified and lipid materials.
While we are confident of the broad conclusions reached in this
study, it is important to recognize several limitations. Clearly, the
real diseased artery is a complex three-dimensional structure that
can only be captured in an approximate sense with a twodimensional model. Also, the partitioning of the wall into four
uniform zones is obviously a gross simplification. It will be some
time before we can more accurately portray the true geometry,
structure, and composition, however, and this remains an active
area of investigation.

Conclusion
Based on these results, the currently known parameters of the
arterial wall, fibrous plaque, calcified plaque, and lipid pool parts
of plaque have low sensitivities for a ⫾10%, ⫾20%, ⫾50%
variation in the nonlinear material properties, as well as a ⫾10%
variation in orthotropic material properties. This insensitivity to
variations in a and b is true for both isotropic nonlinear models,
with and without residual strains. Therefore, stress analysis may
be used with confidence that the material properties contribute
relatively small errors, recognizing, however, that the magnitude
of uncertainty in strain is of the same order as uncertainties in
elastic modulus of the fibrous plaque region. Images need to be
closely scrutinized, however, to ensure that artifactual stress concentrations do not arise due to unrealistically sharp corners. Either
isotropic or anisotropic models provide useful estimates, however
the predictions in regions of stress concentration 共e.g., the site of
rupture兲 are somewhat more sensitive to the specific model used,
increasing by up to 30% from the isotropic nonlinear to orthotropic linear model in the present example, however not changing
significantly when residual strains are included in the isotropic
nonlinear model.
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